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1 Introduction

The purpose of this technical note is to generalize Friedgut’s [I], [2] results on sharp threshold to
cover non-uniform random hypergraphs. The motivation comes from joint work with Jakub Kozik
on 2-colorability of random non-uniform hypergraphs.

For brevity, we will refer to (possibly non-uniform) hypergraphs as graphs.

1.1 Random (hyper)graphs

For a function M : N — [0,1], let X = H(n; M) be a random graph with a set of vertices
V ={1,2,...,n} and a (random) set of edges, where every possible subset S C V is included
independently with probability M(|S|). For convenience, let pp = M(k) and g = 1 — pg. Let
1 = iy be the measure corresponding to our model.

Given graph H, let H®*) be its subgraph induced on the edges of size k. Let
H)
Pu = p‘k |
k

i.e. Py corresponds to the probability of appearance of a specific copy of H. Additionally let’s

define H®
O =]] QL |
k

Let E(H) denote the expected number of copies of H in a random graph, then

[ n v(H)!
BH) = <v<H>>7’H At ()

where Aut(H) is the group of the autmorphisms of H. When |H| is bounded by a constant (which
is usually the case in the following sections), then the following, asymptotically equivalent function

is more convenient to work with
D(H) = n*"py



1.2 Influence

Let f be a characteristic function for a symmetric, monotonne family of graphs. For an edge e,
let I.(f) be the probability that f changes value, when edge e is flipped’ in a random graph. Let
I%) denote the sum of influences of edges of arity k and I = >l (k).

1.3 Main result

We were able to extend the main result from [I] to the non-uniform setting, under minor
additional assumption.

Theorem 1.1 (Main theorem).

There exists a function k(e,c), s.t. for all ¢ > 0, any n and any monotonne symmetric family of
graphs A on n vertices the following holds: If there exist a sequence (py) where each py is proportional
to a rational power of n and )", pi- 1) < ¢, then for every e > 0 there exists a monotone symmetric
family B s.t. ||B|| < k(e,c) and p(AAB) < e. Furthermore, the minimal graphs in B are balanced.

Assumption about p being a rational power of n is unfortunately necessary for the proof in the
non-uniform setting. In the original paper by Friedgut [I] this is a corollary of the existence of small
subgraph H with E(H) = ©(1). In our setting, this assumption is needed for the following: Let f
be a characteristic function of a graph property and ¢g(G) = f(G U H), where H is small, strictly
balanced graph with E(H) = ©(1). Then Y, pi - I®(f) = 0(1) = Sppe - I¥(g9) = O(1).

We also successfully extended the theorem which guarantees the existence of a special graph
whose appearance indicates the property almost surely.

Theorem 1.2 (Special graph).

Let 0 < o < 1. There exist functions B(e,c),bi(e,c),ba(e,c) s.t. for all ¢ > 0, any n and any
monotone symmetric family of graphs A on n vertices the following holds: If there exists a sequence
(pr) where each py is proportional to a rational power of n, Y 1 i - I®) < canda < p(A) <1-a,
then for every e > 0 there exists a graph M with the following properties:

o M is balanced
o by < E(M) < by
e [M|<B

Let P [A|M] denote the probability that a random graph belongs to A conditioned on the
appearance of a specific copy of M. Then

PlAM]>1—c¢

Due to the symmetry of the space of random graphs, instead of conditioning on a specific copy
of M, we can condition on the appearance of any copy of M.



2 Preliminaries

2.1 Thresholds

Let A be a family of graphs and 4,, be its restriction to graphs on n vertices. The property is
monotone if H € A = G € A for any H C G. The property is symmetric if it is invariant under
automorphisms.

The property has sharp threshold if there exists a series of random model parametrizations M,
s.t. for any € > 0
1, if M(k) > My (k)- (14¢) Vg
0, if M(k) < M,,-(1—¢)Vy

n—o0

lim UM(An) = {

where M - (1 £ ¢) denotes the function M uniformly increased (decreased) multiplicatively by e.
If a property does not have a sharp threshold, then it has a coarse threshold.

2.2 Balanced (hyper)graphs

A k-uniform hypergraph H is balanced if its average degree is not smaller than the average degree
of any of its subgraphs. It is strictly balanced if the average degree of its every proper subgraph is
strictly smaller.

In the context of random k-uniform graphs, these conditions can be interpreted as follows. For a
balanced k-graph, the expected number of its copies in a random hypergraph is asymptotically not
larger than the expectation of any of its subgraphs. Moreover, for strictly balanced k-graphs, the
expected number of its subgraphs is strictly larger.

To avoid unnecessary complications, to extend these definitions to the non-uniform setting, we
will use the second approach. Note, that under such definition, the notion of (strict) balancedness
depends on a particular distribution H (n; M).

2.3 Fourier base

We'll express our function f in an orthonormal basis with respect to u. Let Uy = 1. For any

edge e of arity k, let:
—Var/pr ife€H,

Ue(H)_{\/pk/qk ifed¢ H.

For any graph R:

UR(H) = H Ue(H)
ecER

The second condition - base functions for non-trivial graphs being products of functions for their
components, the choice of these functions is (up to the sign) forced.



2.4 Fourier expansion and coefficients

The Fourier expansion in such basis is given by

f=>f(H)Un
H
where f (H) is a Fourier coefficient of a subgraph H, given by

FH) = (£.Un) = [ $(B) - Un(R)dR = Y f(R) - Un (R)u(R)
R

2.5 Russo, Margulis

Lemma 2.1 (Russo, Margulis).
OP(A)

=71
Opy,

>

Proof. Let N be the number of all possible edges and p1, p2, . .., pn be the probabilities of appearance
of corresponding edges. We can express both P(A) and I more explicitly as Py, 4, ...,y (A) and
Iy, po,..pn- Let e; be an edge of arity k. Let

X:={H:f(H)=1and f(H+e)=1}and Y :={H: f(H)=0and f(H +¢e) =1}
Then, P(A) can be expressed as

Pp1,P2»~~-,PN (-’4) = ]P)Ply--ijfl,PjJrlv---ypN (X) + Ppl,..-,pjfl,pﬁh...,pzv (Y) : pj

JOP(A)
= Pﬂlv"'?ﬁj—lvpj+17"'7p]\7 (X) + Ie] ' p] = 8p = IEJ
j
Identifying probabilities corresponding to edges of common arity yields desired result. O

2.6 e-dependent functions

Let e be an edge of arity k, then

a (f(H) — f(H®e)), if f(H) =1
pe (f(H)— f(H&e)), if f(H)=0

Such function is highly related with Fourier coefficients of subgraphs containing e and its influence
ie. I..

fe(H) = {

Lemma 2.2 (e-dependent properties).

s [fH), feeH
fe(H)_{o, ifed¢ H



Proof. Note that f.(H) is non-zero iff f(H) # f(H @ e), i.e. when H is flipping. Moreover, when
H is flipping, then
qr, fe€e H

fe(H) = {—pk, ifed H

Let’s first examine the case where e ¢ H:

fe(H) =" fo(RYUn(R)u(R) = Y (fe(RUn(R)WR) + fo(R& e)Un(R® e)u(R & e))
R R|e¢R

= ¥ (FRURUR + (R e Ua(RuRE) = 3 (1(R)+ 1R ) Un(Ran(R) =0

Rle¢R k Rle¢R
since Ug(R) =Upg(R®e) and p(Rd e) = %M(R) when e ¢ H.

The case where e € H is more technically involved. First, let’s note the following properties

~BUy(R@e), ifed R
—LUy(Roe), feeR

n(R) = {

Ug(R)u(R) = —Uy(R@ e)u(R® e)

Un(R) = {

and
w(Rde), ife¢ R
wRoe), ifee R

SEER

In particular

To verify, that 3 5 fo(R)Un(R)u(R) = f(H), let’s split the summation into two regimes based on
the value of f(R).

e f(R)=1:

Je(R)Un(R)u(R) = qr.f(R)Un(R)u(R) + qr f (R ® e)Un (R ® e)u(R & €)

e f(R)=0:

Je(R)Un (R)u(R) = prf(R)Un (R)u(R) + prf(R® e)Un(R & e)u(R & e)

Hence, summing over all possible R’s, we obtain precisely the expansion of f (H).

2.7 Weights of large subgraphs are negligible

Lemma 2.3 (influence corresponds to e-dependent Fourier weights). Let e be an edge of arity k,
then
qk P - Le = Z fQ(H)

H|eeH



Proof. From Parseval’s identity

Ifelz= > J*(H)

HlecH

however

1fellz =D fe(R)*u(R)
R

the corresponding summand for each R is non-zero iff R is flipping. The total measure of such sets
is I.. Moreover the measure of flipping sets containing and not containing e is py - I. and qi - I,
respectively. Therefore

Zfe(R)zﬂ(R) =le - Pk - CI;% +1e-q- (—pk)2 =le Pk qk
R
O

By summing this equality over every edge S, pi - qr - I®) = S fz(H)\H\ In particular, this
implies

o PH) <Y am- TP/ < %Zpk.jus)
k k

H|H[>L

where the weighted sum of influences is bounded by a constant under our assumptions.

2.8 Modest (hyper)graphs

Let L,cq,co € R be fixed parameters. Together, they define a family of modest graphs. A graph
‘H is modest if:

e |H|<L
e <EH)<c
e H is balanced

for certain bounds L, c1, cs.

In particular we are only interested in the edge-stucture of the modest graphs, hence they have a
constant number of vertices and there’s finitely many of them.

3 Lemmas on random (hyper)graphs

Since the underlying property is symmetric, coefficients corresponding to isomorphic subgraphs
are equal. In particular it’s useful to define an aggregating notation for the basis functions.

For a graph S let ©(S) be the set of all n-vertex graphs isomorphic to S, i.e. the orbit of S. Let
Vsi= > Un
HeO(S)

For e € H, let

Vie= Y. Ug
ReO(H)|eeR

6



3.1 Concentration bound on Vg,

Note that E(Vp,) = 0. Let’s show a concentration bound on |V |.

Lemma 3.1 (Concentration bound on Vg ).
Let H be non-empty subgraph of H minimizing D(H), then

S

)\—4
YTV < e
D(H)1/4 ¢

- n|e‘

Proof. First let’s bound the 4th moment of Vi .

E<v§,e>=E( > UR) gc-E<z'@<S)'ZHrUR|>
leeR

REO(H)

where S is the union of four copies of H containing edge e and L is a quadruple of copies of H s.t.

their union is S. 2 roughly corresponds to the number of copies of S containing e.
el gnly P

Let S be a union of four copies of H corresponding to a quadruple L. For an edge e € S, let ¢,
be the number of copies of H covering e.

y (H UR) -rlLeo=11 (p'e | <_ ;> - ( pel) )
ReL eeS ecS le] q‘e‘

Note, that for this product to be non-zero, every edge in S needs to be at least doubly covered.

Ce
Therefore, the dominant terms are py| - (— %) . Hence

S
L <H UR) ~ H : (®)
REL k (\/197@)4|H |

Observe, that the double sum Y ¢ ; is bounded by a constant depending on H. With E(S) =
|O(H)| T pLH(k), we obtain

—2|H (k) E(S) 1\? D(S)
E <V4> <c- l;ka | max <c- (73}1) max el

since E(S) < D(95).

To complete the proof, we’ll show that the maximum is obtained with S being union of two
copies of H whose intersection is exactly H. From the calculations above, we know that every edge
in S needs to be covered at least twice, but for convenience let’s loosen up this restriction. Let z be
a vertex or an edge, let’s introduce a function which counts how many times x is covered by a copy

of H
1/2, if = is covered exactly once

®(z) := (1, if 2 is covered at least twice

0, else

For a graph R, let v(R) := >_ ®(v) and €(R) := > ..p P(e). Then, the function D(R) :=
vev(R) eER

~ e(RF)
nv(R) I pZ(R ) is identical with D(R) when every edge of R is covered at least twice, however it’s

7



easier to maximize.

Let F' be the union of four copies of H. By adding the copies one by one, the first two of them

increase the value of D by exactly D(H), while the other two increase it by at most 55%;
2
Hence maxg D(5) < g({% and
1 \2 D(H)2 1 \ 2 p2lv(H)|p2 H) |2
E<V4)SC<> ,E):C() n _ pH gc' ‘(—)( )|~
Pu/) D (H) el P/ nl)p nlel . D (H>

where the last inequality follows from |©(H) ~ ¢ - nl*UDl and the lemma follows from the Markov’s

inequality. O
This lemma is particularly useful to use due to it’s immediate corollary. Let x = x {|VH76] > D” (l?l()?/l‘ },

then
|O(H)|

Vel - x = E(|VHe| - e
J Witel x= B (Virel ) < e oo

(1)

3.2 Vs expansion

Given a graph R, let X be a random variable counting the appearances of R in a random
graph. Let Xy = 1. Vg can be expressed in terms of Xp, where R C S.

Lemma 3.2 (Vg expressed in terms of Xp’s).

For any graph S
Vg = 1 E(S) [ Y (_1)IR\ﬁ
\ PsQs RCS E(R)

Proof. For any fixed subgraph R, let Yr be the indicator that R appeared in our random graph.
Let H be a fixed copy of S and let H' C H be maximal graphs such that Yz = 1. Then Uy can be

expressed as
| Qn _ g Pa\m
Uy = (—DIHI [ ZE oy HI=H] 22
n=(1) Pu =) Qm\nu

The later can be further expanded into

Qn H|— || PH\H! |H"|~|H'|
(—1)'H'\/7' > (-1 —— > (-1 Y
PH H/QH QH\H/ H/gH//gH

by changing the order of summation, we get

On I Pr\n
7)I‘I H'CH H'CH" QH\H’



Observe that due to symmetry, each subgraph isomorphic to H” appears in exactly % subgraphs

isomorphic to H. Then, by summing over ©(S)

Qn |H| Pur |©(H))
Vg =4/ =—"- -1
Pu H%H( ) wicyn Qg [O(H")]

XH"

1 Xr
= /P00 . E(S) (Z(-l)'RiE(R) > QH/PR\H’>

H'CR

3.3 Variation of Xp

Lemma 3.3 (Variation of Xg).
Let R be a fixed graph and let Xg be a random variable counting copies of R in our random graph.
Assume that for every k, pr, = o(1). Then

 E(R)?
Yncr E(H)

Proof. Var(Xg) can be expressed as 3y y F(XY)—FE(X)E(Y) where the sum is over the indicators
of each possible copy of R in a random graph. When the intersection of edges of X and Y is empty,
the corresponding summand is 0, otherwise E(X)E(Y) = o(E(XY)). Therefore

Y E(XY)-EX)E(Y)=c- >  E(XY)
XY XY |XNY #D

Var(Xgr) =c¢

By partitioning this sum according to the isomorphism type of the intersection, we get

E(R)®
E(H)

Var(Xgr)=c- Z
HCR

4 Approximation of the characteristic function

To show the main theorem, we will use an auxilary lemma, which will be proven later.

Lemma 4.1 (Main lemma).
Let A be a symmetric, monotone family of graphs on n vertices and f be its characteristic function.
Assume Y . i - IWA) < ¢. Then for every e > 0 there exist constants L, c1, ¢z s.t. for sufficiently

large n
Y. A <e

S is not modest

4.1 Proof of the main theorem

Let S1,S2,...,5; be a list of all modest (according to the parameters from Lemma graphs.
Let Cs be the set of all n-vertex graphs s.t. the union of all modest graphs in each of them is
isomorphic to S. For any graph H € Cg, we will refer to S as its template.



4.1.1 Non-modest graphs don’t matter

Let g1 =g f (S)Vs, where the sum is over modest graphs only be the first approximation of
our function. In particular, due to the lf — g1]| < &1 for arbitrarily chosen &;.

4.1.2 Large templates don’t matter

Let C; be the union of all Cg, s.t. Xg, > [E(S;)/e2 for some i. Let

1,if H € C4
g1(H), otherwise

92(H) :{

Then by Markov’s inequality and union-bound, ||f — go|| < &1 + /€2 for arbitrarily chosen e5.

4.1.3 There’s finitely many interesting templates

Since the expected number of copies of S; is bounded for any H with go(H) not identically
equal to 1, there is a finite number of such templates. Let M be an upper bound on the count of
admissible templates.

This enables us to exclude templates with small measure. Let Cy be the union of Cg not in C;
s.t. u(Cs) < e3/M. Then p(Cz) < e3.

Let C be the union of the remaining sets Cg not in Cy, Cs.

Note that any graph S s.t. Cs C C must have bounded size, as Cs ¢ C;. Moreover, since S
is a union of modest graphs and u(Cg) < E(S), E(S) is bounded by a constant from both sides.
Combining it with the fact that S is a union of modest (balanced) graphs, it implies that S is
balanced as well.

4.1.4 Template-constant approximation

In the previous steps we’ve approximated our original function using only graphs with not-too-
large templates and non-negligible measure.

Now, we’ll use templates to naturally split the remaining subgraphs into equivalence classes and
define an approximation of f which is constant on each such class. Let

- {E(gng), if HeC

H
93( 1, otherwise

It turns out, go and g3 are very close to each other. The proof of this lemma will be shown in a
later section.

Lemma 4.2 (Approximations are almost template-constant). Let Cg C C. For any 6 > 0
Pr HgQ(T) — E(gz‘Csﬂ >0: Te¢€ Cs] —0

Since there are only M sets Cg in C, for sufficiently small 8, || f — g3||3 < e4/4.

Let g4 be a function, s.t. for every S is either constant 0 or 1 on Cg, depending which
approximates f better.Let h be the best template-constant L? approximation of f. It’s easy to
verify, that hey, = Pr[f(R) = 1| R € Cg|. Hence by summing over Cg

If —gall3 <4 —hl5 < 4| f— 9313 =e4

10



4.2 Monotone approximation

The family of graphs that is characterized by g4 is a natural candidate for the family whose
existence is guaranteed by Unfortunately it may not be monotone, neither the size
of its largest minimal element must be bounded.

Let S be decisive, if Pr(f(T) =1| T € Cs| ¢ (y/€1,1 — \/€4) and C3 be the union of Cs where S
is undecisive. From the previous calculation, u(C3) < \/€s. Let

g5(H

- 1, if H has a decisive subgraph R with g4(R) =1
B 0, otherwise

Sets C1,C2,Cs are of small measure, therefore the alterations in the approximation of f caused
by them are negligible. Moreover the following lemma guarantees that the approximation is not
significantly altered for the decisive graphs as well. This lemma will be proven in the later section.

Lemma 4.3 (f is almost template-monotone).
Let R C T be graphs s.t. Cs,Cp C C\ Cs. Then

E(f|Cr) > E(f|Cr) — o(1)

Therefore, for carefully chosen 1, ...,&4, we have
If —gsll3 <e
and gs is the characteristic function of a family B guaranteed by the
By repeating this argument with a different choice of ¢1,...,e4 we can define C4 s.t. for

Cr C C4, E(f|Cr) > 1 — €. Since both E(R) and |R| are bounded, any such R could be a graph M
guaranteed by a Theorem Let r be a specific copy of R and B, be the space of graphs with r as
a subgraph. Let C, = B, NCgr. Due to symmetry E(f|C,) = E(f|Cr). A is an increasing property,
but being in C, conditioned on being in B, is a decreasing property, therefore

P(ANC|B,) <P(A|By)-P(Cr|Br)

therefore
176<E(flcr) SE(ﬂBr)

5 Technical lemmas

Due to Lemma subgraphs with large number of edges have negligible Fourier weights and
can be neglected. For this reason we will narrow down our analysis in this section to graphs with
the number of edges bounded by some constant independent of n.

5.1 Main lemma
5.1.1 Fourier weights of subgraphs with small expectations are negligible

First, let’s show a bound on a Fourier weight of a subgraph H with edges of a single size k.

2 |H )| (k)| 2
217 — _ HON oy (@ T
) = (S st - (z (s (- Z) =

11



(k) 2
< (lHZ| (lHj)Uf(R).m'Hw) < (21T = (ap) B!
c=0

where ¢ in the summations correponds to the size of the intersection between R and H.

In order to generalize this bound to the non-uniform setting, such summation needs to be carried
out over tuples corresponding to the sizes of intersection of different arities. Since each component
of such tuple is independent of each other, this yields

F2H) < T (4pp) ™1 = a1 py 2)
k

By summing over subgraphs isomorphic to H, i.e. its orbit, we obtain

> FAS) < cB(H) (3)

SEO(H)

Hence the graphs with small expectation have negligible Fourier weights.

In fact, even stronger lemma is true. It is enough for a graph to have a subgraph with small
expectation for its Fourier weight to be negligible.

Lemma 5.1 (Subgraphs with small expectation causes negligible Fourier weight). Let H be a graph,
then for every H' C H

F2(S) < ¢- max {E(H")/E(R)
SE%(:H) RCH! { }

where the expectation of an empty subgraph is 1.

Proof. Let R be a specific copy of H'. Consider a probability space, where R is fixed. Let
9(G@) = f(GUR) be a function on this new space and let ©(S) denote S’ orbit in the new, restricted
space, i.e. under automorphisms which keep R fixed. Note, that both the vertices and edges of S
and R might intersect, and the asymptotics of é(S ) might depend on these intersections. First,
let’s show that the Fourier expansions of f and g are closely related.

Lemma 5.2 (Fourier expansion on restricted domain). Let g be defined as above, then

3G =Y f(RUGUR(R)

R'CR
Proof. The proof will use an induction on |R|. First, let’s assume that R is a single edge e of size k.
Then, by definition
R 1
96) = Y HTUUT) - (n(D),)

T|e¢T k

The RHS of our desired equality is

qk _ _ 49k
f6) [ prfGua =3 som) (UG<W> pkUGuAW)) H(w)

12



where the summands are non-zero only when e € W. Using Ugue(M) = — g—’ZUg(W \ e) we get

> 1) (VaW) + LU \0)) u(W)

WleeW

qk 1
= > ) (Vsv e >+pkUG<W\e>) (1w \ e qk) S (W U ) Ua(W)u(W)—

WleeW WegW k
which settles the proof when |R| = 1.

When |R| > 1 pick an edge e € R of size k and define an auxilary function h by fixing all edges in
R\e,ie ¢g(G) =h(GUe) = f(GUR). We will use h as an intermediate step to apply the induction
hypothesis twice - first by expressing the coeflicients of ¢ in terms of A and then by expressing the
coefficients of h in terms of f.

@) =h@) - JEWGue) = Y FRUGURG) — & I FRUGUUR(GUE)
Pk R'CR\e Pk pche
e ¢ R, hence Up (GUe) = —g—iUR/Ue(G Ue) and we obtain the desired result. O

Let’s note the following implication of Parseval’s identity. For any GG

3 f2 )< FAS) <1=f(G) <
S

Se6(G ©(G)]

Let G be a edge-disjoint with R. The result of lemma can be equivalently written as

~f(RUG)UR(R) = —3(G) + > f(RUG)Up(R)
R'CR

R/(k) 1(k)
combined with Ug/(R) =[] (—\/qk/pk)l | < Il \/l/pkIR |, this yields

‘ (RUG) (1+ FRUQG) )
I voe N ™ \18(@)) e T voe! ™
hence
RUG 1 1
|H \F'R())' ( 0(Q)| +R;R 1 \/szR'“)'W) W
Let’s observe, that for R’ C R
O(R'UG)| > c- |O(R))|-|6(G)] (5)

Morover, when v(R') N v(G) = v(R) Nv(G), the opposite inequality also hold (with a different
constant ¢) B
(R UG)| < c-[0(R)]-6(G)] (6)

Let G be s.t. H =G U R. Let’s multiply both sides of (4) by \/|@ H)|T1 pLRKk). By applying (5)

and (6) we obtain
s ( )
R'CR

SE€O(H)
which after squaring both sides and |R| being bounded yields the desired result. O
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5.1.2 Subgraphs with non-negligible weights are balanced

Let H be such, that W = > pco(m) fQ(R) is bounded away from 0. From the facts shown in the
previous section, we know that such H must be of bounded size and with the expectancy bounded
away from 0. To show the we will show that such H must also be modest. It is left to
show that it’s balanced and with expectation bounded from above.

Let’s recall [ f-g= S f - §. Hence, for an edge e

0 [foVae= > P

REO(H)|e€R

W can be alternatively expressed as

. 1 .
W= Z Z|R[ |H|Z Z f2(H):|H|ZG:f(H)/fe'VH,e

ReO(H) e€R € ReO(H)|eeR

Let’s note that f \ e , hence

1 w
= 1@\ o) g/f“v“

}, then the above can be rewritten as

)
D(H)'/4

Let x = x {]VH,E >

1

- Z(/fevHe [ Ve (1- ))

Since | fe| < 1, the above can be bounded by

1

W<IHI Z(

Due to the corollary of |[Concentration bound on Vi ol the first term of the innermost sum contributes

iz ﬁ)

1/4

1 W
at most T \/7|®(H)| to the total sum.

Let e be edge of arity k. Then, in order to bound the contribution of the second term, let’s establish
a bound on Y, [ |fel

1 1 1
Slfelli=35 > |fe(H) = 5 rle - larl + arle - | = prl) = auprle
H|H is flipping
Hence 1
52/\fe| <> ppI®
e k
Combining these two bounds, we obtain

() V1O(H)]

W < I -
_c;pk D)
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Therefore

~ (Zk Pk-’(k))4

() < e 2= 7

Having established, that D(f] ) is bounded by a constant from both above and below, we now wish
to deduce that so is H. When H = H we are done, since not only F(H) is bounded from above,
but due to lemma it is balanced, as it has no subgraphs with small expectation.

It is only left to show, that H is modest, when H is its proper subgraph. If there are multiple
candidates for H i.e. multiple subgraphs with the same asymptotic order of the magnitude, we can
choose the one which is smallest by inclusion. Hence H is strictly proper.

We will show, that H \ H is balanced, and so is H as a union of two balanced graphs. Let S be a

specific copy of H , then
g(R) = f(RUS)

i.e. g correponds to f when S is fixed (its edges are always included). Due to lemma
= > f(RUSUs(S)
R'CS
combining with the fact, that |f(G)| < 1//[0(G)] and Ug (S) < \/1/Pg, this yields

1

L 1

Let’s note, that since S is strictly balanced, the term corresponding to S’ = S in lemma
dominates the sum. Hence

ot 5) = e L2 ©)
3*(G). Then

Note, that |O(H \ H)| - |0(H)| = ¢/©(H)| and let W’ = Y6 s 9 (

. B £2
W' =|O(H \ H)|g*(H \ §) =c- :g%: ' f;f) B CEZJ)

hence W' is also a constant.

To complete the argument, we will show that >>; qxpr! (K)(g) is at most polylogarithmic. Then, we
can iterate our argument on H \ H to a point, where the graph minimizing D is the whole graph
and use the following observation:

Let’s recall, that every py is a rational power of n. If there exists a bounded graph H, where E(H)
is a constant, then there exists a universal constant c¢ s.t. for every other graph G of bounded size
and any integer k, for large enough n

E(G) <log(n)™ = E(G) <c

Therefore E(H) must be bounded by a constant, since it is a disjoint union of modest graphs. Hence,
it also must be balanced and therefore modest.

15



To finish the proof, let’s show that >, qppi! (k) (g) is indeed at most polylogarithmic. Let’s recall,
that >, ppl ) (g) can be interpreted as the expected number of edges, which flip g. This can be
alternatively phrased, as the expected number of edges which flip f, conditioned on the appearance
of S. Let C be a random variable counting the number of flipping edges and S be the event that S
appears in the random graph. Let Xy be the random variable counting the appearances of copies
of H in our random graph. Then

E(C|S) :ZE(C\Xﬁ:i)]P’(Xﬁ:i]S) :ZE(C\Xﬁzi)P(xﬁzi) P(‘;'();f;ﬂ)

i
l
S (0% =97 (5= 5
Due to the following lemma, summands with ¢ > logn can be neglected and therefore conditioning
on § increases E(C) by at most logarithmic factor.

Lemma 5.3 (There are few copies of a graph with low expectation).
Let H be strictly balanced s.t. E(H) is bounded by a constant. Then for every k, the probability of
having more than logn copies of H in our random graph is asymptotically less than n™F.

Proof. Let’s split the proof into two subcases, depending on the number of copies of H intersecting
other copies.

First, let’s assume that at most B copies of H intersect other copies, where B is sufficiently large
integer determined in the second case. Let R = log(n) — B. Since H is strictly balanced, of
bounded size and with expectation bounded by constant, the distribution of Xy converges to
Poisson distribution with E(H) as its parameter, e.g. see [3], theorem 1.21. Therefore, probability

of X being at least R can be bounded by c - E(g)R which is asymptotically less than %n_k.

The remaining case is where there are at least B copies H intersecting other copies. Each such
instance can be characterized as having at least one of finitely many graphs as a subgraph i.e. union
of at least B and at most 2B copies of H. Since H is strictly balanced, the expected number of
occurences of each such witness is negligible. In particular, in our setting it’s a negative, rational
power of n. Since the list of potential witnesses is finite, for sufficiently large B, the probability of
the second case can also be bounded by %n‘k which completes the proof. ]

5.2 Monotone lemma

Let C,C3 be defined as in the section 4. Now, we will proof the lemma which allowed us to
monotonize our family of graphs.

Lemma 4.3 (f is almost template-monotone).
Let R C T be graphs s.t. Cs,Cp C C\ C3. Then

E(f|Cr) > E(fICr) — o(1)
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Proof. Let’s recall, that both R and T are balanced and E(R), E(T), u(R) and p(7") are all bounded
by a constant both from above and below.

Let r and t be specific copies of R and T'. Let B, be the space of all graphs with r as a subgraph
and let C, = Cr N B,. Let By and C; be defined analogously.

Due to symmetry of Cr
E(fICr) = E(fICr)
and

E(f|Cr) = E(fIC:)

Let’s define o : C; — C, be an injective and measure preserving with respect to the conditional
measure of C; and its image. That is, for any G € C;, p1(G) = p2(o(Q)), where py and pg are
conditional measures on C; and C, respectively. Moreover ¢ will be such, that

fle(G) =1 = [f(G)=1

Then, to show our lemma, it will suffice to show

E(flo(Ct)) = E(fICr) — o(1) (9)
Such o can be defined as an operation which for G € C, deletes the edges in ¢ \ r. Let W1 = o(C;)
and Wy = C, \ Wj. For a graph G € C, let
a(G) =Pr(G) € Wy (10)
where 7 is a permutation of the vertices leaving the r fixed. Note, that the edges "follow" their
original endpoints after relabeling, as the goal is to determine the proportion of Ws in C,.. Let
_ (W)
u(Cr)

and let u, be the conditional measure on C,. Then

a:/ a diby
Cr

On the other hand, the proportion of Wj to u(C,) can be expressed as

poC) ) _ wCr) OR) Pr _ p(Cr)E(R)
pC)  Pug-ulCr)  O(T) p(Cr) Pr u(Cr)E(T)

Therefore a is asymptotically a constant. Then
ch (1 —a) du,

1—a

l—a=

E(fWh) =

Let d = (1 —a) — (1 — «) be the difference between 1 — o and its mean. Then, the above can be
rewritten as

Jo f-(1—a+d) dp, / £ gy Jecd A dne f ddur
1—a
and due to Cauchy-Schwarz inequality, it can be bounded from below by

f1dP dpy ar(«o
priey - Vel e,y - Vor@)

l1—a N " 1-—
Combined with the following lemma, this will imply (9).
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Lemma 5.4 (« is highly concentrated around mean).
Let a(G) be defined as in (10) and let G € C, be chosen according to the measure p,. Then

Var(a) =o(1)

Proof. 1t is more conveniant to work in B, instead of C, due to the convenience of the product
measure. Note, that the proportion of graphs in B, with edges in t \ r is negligible and we will
ignore them in future calculations. Let’s note

w(Cr)  u(Cr) 1(Cr)
w(B,)  Pr-19(R)  E(R)

therefore C) constitutes a non-negligible fraction of B,. Therefore it suffices to show that
Var(a|B,) = o(1). For reminder of this proof, we will work in the space B,.

First, let’s define the notion of problematic sets. Let vy, va,..., v, be the vertices in ¢ \ r. For an
ordered tuple of vertices z = (z1,x2,...,x) disjoint with V(r), let 7, be a permutation which
keeps r fixed and maps x; to v;. Then z is problematic if there exists a set of veritces and edges
y € G\ (xUr) (not necessarily a graph) s.t. Uy is a graph and the graph 7, (G)[V(t) U V(y)| Ut
is a union of modest graphs other than ¢, i.e. the graph induceed on the vertices of r and y with the
addition of the edges of ¢ creates a template larger than . We call such y an eztension of z.

Let X(G) = nga(G), where ng = (n%'k), be the number of problematic sets in G. Let x1,z2,..., 2y,
be the indicator variables of the event that their corresponding k-tuples are problematic. Therefore

If B(X) = o(n¥), then E(a) = o(1) and since a € (0, 1), Var(a) = o(1). Therefore we can assume,
= Q(n*) and try to show, that Var(X) = o(n?*). We have

Var(X Z Z (ziw5) — E(x)E(xj))

For i # j, let z; o x; be the random variable indicating that there exist edge disjoint extensions of
sets x;,x;. As edge disjoint events are independent

E(zjoxj) < E(x;)E(xy)

Let ;02 = x;x; — w; o xj. Then

Var(X) = Z (E( 2) ) + Z {EZ{L'] (xZ)E({E]))

( i#j
< ZVar T; —1—2 (iz;) — E(x; 0 xj)) = ZE(miomj) —|—0(n2k)
i#] i#]
Before dealing with the terms E(z; ¢ x;), let’s define some useful notation. First, let’s extend the
definition of the function D to any set of vertices and edges (not necessarily graphs) in order to

apply it to the extensions. For the reminder of the proof, when refering to some sets having larger
(smaller) expectancy than others, it is meant in the asymptotics of D.

An extension y is nice if

18



e it is minimal extension

o Forany z C y s.t. zUt is a graph, D(z) = Q(1).

Let z; x x; be the indicator of event x; ¢ x; when there exists a nice extension. Such definition
is helpful, since when x; ¢ x; = 1, there exist some minimal extansion, and the probability of a
subestension z with D(z) = o(1) is marginal. Therefore

ZE (ziox; —xi % x;) = o(n?F)
i#j

and it suffices to show that

E (Z xi*xj> = o(n?*)

i#]

For an extension y, let Cl(y) be the graph whose edges whose edges are edges in y. We’ll show,
that for any = and its nice extension y, any subgraph z C Cl(y) \ r, D(z) = w(1).

For simplicity of the proof of the above observation, let y be a nice extension of z, where x =
V(t)\ V(r), as the argument easily translates to the other scenario. Since y is minimal, there exist a
modest graph S s.t. Cl(y) €S C yUt. Then S can be deocomposed into three disjoint sets: S N r,
SN(t\r)and SN (y\1t).

Since y is nice D(S N (y \ t)) = Q(1). Additionally, D(S N (t\ 7)) = (1) as otherwise its union with
r would have negligible expectancy. Therefore for S Nr, D(SNr) = O(1) and since r is modest,
D(SNr)=0(1). Now, if there exist z C Cl(y) \ r s.t. D(z) = ©O(1), then zU (Cl(y) \ r) is modest
which contradicts the fact that the union of modest graphs in our graph is r, which concludes the
proof.

From the proof above, we can also note, that every nice extension has bounded size (since its closure
is a subgraph of a bounded graph). Therefore z Uy can take on a finite number of isomorphism
types G1,...,Gq.

Let E (G) be the expectancy of copies isomorphic to G (disjoint with r) in the space B,. For each
isomorphism type G; mentioned above, there exist its copy ¢, such that g Ut is union of modest

graphs. Therefore E(gUt) = O(1). On the other hand, E(gUt) = Q (E(t)E(g)/nk) Combining
these two bounds gives

Now, we are ready to bound Z#j E(z;*x;) and finish the proof. Let z;, z; be such, that z; xz; =1
with x; corresponding to a nice extension of type R; and z; to type R;. Let H be the isomorphism
type of their intersection. As H is proper subgraph of both R; and R;, we’ve previously shown, that
E(H) = w(1) to our sum. Hence events of such type contribute at most E(RZ)E(R])/E(H) = o(n?k).
There are finitely many distinct combinations of R;, R; and H, which yields the desired bound. [J

O
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5.3 Approximations are almost template-constant

Lemma 4.2 (Approximations are almost template-constant). Let Cg C C. For any 6 > 0

Prllg2(T) — E(g2|Cs)| >d: T €Cs] =0

Proof. Recalling the definition of go, the fact that there’s a finite number of modest graphs and (2),
it is sufficient to show the following

Let S be a modest graph and G be such, that Cg C C. Then for any é > 0

P[‘Vs(T) — E(Vs|Cq)| > T eCq| =0 (11)

)
Vv Ps
To do so, we will use Lemma but first, let’s show that for any R C S, % is almost constant
i.e. Xg is either bounded by a constant or Var(Xg|Cq) = o( E(R)?).

If R is modest, since Cq C C, then Xg is bounded by a constant and so is our fraction.

Recalling the Lemma [3.3] Xpg’s variation is asymptotically ~EERE

2 pcr B
asymptotic formula for unconditioned variance, but since the event we are conditioning on (being in
Cc) has probability bounded away from 0 by a constant, the variance conditioned on such event
can not be asymptotically larger than the unconditioned variance. Therefore, if R has no modest
subgraphs, then each summand is o( E(R)?) and so is the variance. From now on assume that R is

non-modest subgraph of a modest graph, which has a modest subgraph.

This formula gives only the

Let g be a specific copy of G. Let’s define By to be the space of random graphs containing g as a
subgraph. As in the past sections, let E( ) be the expectancy of copies of H and @( ) the orbit
of H in the space B,;. Let C; = Cq N By. Due to symmetry, both the expectancy and variance of
Xpg conditioned on being in Cj are the same as when conditioned on being in Cg.

Let’s recall, that for any graph in C, g is the union of all modest graphs. Since R has a modest
subgraph, then any copy of R is a union of some ¢’ C g and a copy of some graph T;, from the
family of finitely many templates T1,...,T;. Therefore, we can define Xt as the random variable
counting the appearances of copies of 7;. Naturally, X7 = Xpg. Since g is the union of modest
graph, for any H C T}, E(H) = w(1).

We'll show that Var(Xr) = o(E(X1)?), when conditioned on Cy. Due to the following computation,
it is sufficient to show it, when conditioned on By. First, let’s compute 1(C¢)

. H(Cg)
1(Cq) = |0(G)| - Pg - @

this can be rearanged as
p(Ce N By) _ p(Cq)
1(By) E(G)
which shows, that Cy is a non-negligible part of B, and the variance conditioned on C, can not be
significantly larger than when conditioned on B,.

Let x1,...,x be the indicator variables for each possible copy of some 7;, i.e. X7 = >, x;. Then,
variance can be expressed as

Var(Xr|By) ZE xiT;) (xi)E(x)
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Note, that summands corresponding to events caused by dijsoint set of edges are 0, therefore

E(x;)E(x;
Var(XT|Bg) < Z E(.Z‘ij) = Z (;)DH(])
zj, T not ligdependent z; and x; n&]independent

where H is the intersection of subgraphs corresponding to the events z;, x;. But since each H is
non-empty, Py = w(1) and Var(Xr|B,) = o(E(X7)?).

c .
ek Using Lemma

QS _E(S) ) Xr
RCS

Let ¢ = ZHeﬂ(S) fQ(H) Then |f(5)’ =

1/ (S)IVs =

o

)

E(R
¢-\/QsPs - \le ( Dl )((g)) —c-\JosB(s ( i Xg))

RCS
Therefore
QS R XR
Vs =c- 1] —==-E(S) Z(_l)\ | R
Ps hcs E(R)
which combined with Var(Xg|Cq) = o( E(XRg)?) which we showed above gives (11).
Having showed (11), let’s recall (2) i.e.

fQ(S) < 4151 . Pg

combining these two and the definition of go this completes the proof of the lemma as well as the
main result. 0

6 Applicable theorems

In this section, we will derive "applicable" versions of the main theorem - inspired by Theorem
2.4 from [2]. First let’s’ recall Theorem

Theorem 1.2 (Special graph).

Let 0 < a < 1. There exist functions B(e,c),bi(g,c),ba(e,c) s.t. for all ¢ > 0, any n and any
monotone symmetric family of graphs A on n vertices the following holds: If there exists a sequence
(pr) where each py, is proportional to a rational power of n, Y ppr - I < c and a < p(A) <1 —a,
then for every e > 0 there exists a graph M with the following properties:

o M is balanced

by < E(M) < by
. [M|<B

Let P[A|M] denote the probability that a random graph belongs to A conditioned on the
appearance of a specific copy of M. Then

PlAM]>1—-¢
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Since the property A is symmetric, instead of conditioning on the appearance of a particular
copy of M, we may first sample random graph and then add a random copy of M. With this
observation we can restate Theorem as follows

Theorem 6.1.
Let A be a graph property with a coarse threshold i.e. there exists € > 0,a > 0 and M such that
for every k, pp = M(k) is either O or proportional to a rational power of n and

a< P(f[(n;(l—s)/\/l) € A) <P(ﬁ(n;M) € A) <1l-2«a
then there exists graph M with no more than B(e,«) edges such that
P(ﬁ[(n;M)UM* EA) >1—a
i.e. inclusion of a random copy of M to a random graph significantly boosts the probability of A.

Morever M is balanced and E(M) = ©(1).

The existence of such € > 0 guarantees that ), pj - I®) is bounded for some (1 —&)py, < P < Pk
and the rest follows from Theorem [1.2]

To further simplify the statement of the theorem, let’s recall the definition of sharp threshold
and Russo-Margulis lemma. In order for a property to have coarse threshold, there needs to be
infinitely many n’s, where uniform multiplicative increment of M by ¢ does not induce the property
almost surely, for any € > 0.

Additionally, instead of working with randomly sampled graph, we can pick an arbitrary graph
G satisfying desired properties.

Theorem 6.2 (Applicable theorem).
Let A be a graph property. Let o > 0, M := M,, such that every py := M,(k) is either 0 or
proportional to a rational power of n and

a<P(ﬁ(n;M)€A)<1—3a

If A has coarse threshold, then there exists a fized balanced graph M with E(M) = ©(1), € > 0 and
an infinite series of n’s, and for each such n a graph G on n vertices such that the following holds

PGUM* € A)>1—a
P(GUHm M) € A) <1-2a

i.e. inclusion of a random copy of M boosts the probability of A more than adding additional €
proportion of random edges.
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