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Abstract

Two-colorability of random hypergraphs has been extensively studied in the literature
for over half a century. Most of the efforts were devoted to studying uniform hypergraphs
(i.e. with all the edges of the same size). Random models played significant role in this
research. Our main motivation was to find out how some of the well-known results on
random sparse uniform hypergraphs can be translated to the non-uniform case. We have
examined both algorithmic and non-constructive bounds for 2-colorability thresholds for
certain natural models of random nonuniform hypergraphs. In both of these problems, we
have managed to find sufficient conditions for 2-colorability that aggregate information
about different sizes of edges. Additionally, in the case of algorithmic lower bounds, we
discovered an interesting behaviour when the discrepancy of the sizes of edges can be used
to improve the natural generalization of the uniform bounds.

1 Introduction

Hypergraph H = (V,E) is a pair consisting of a set of vertices V and a family of sets of
vertices E ⊂ P(V ), called (hyper-)edges. Hypergraph is k-uniform if all its edges are of size k.
Such hypergraphs are also called k-graphs. Just like hypergraphs can be considered as gener-
alizations of ordinary graphs, their coloring problems can be seen as straightforward analogs
of graph coloring problems. For a hypergraph H = (V,E), vertex coloring c : V → N is proper
if every edge contains at least two vertices x, y such that c(x) ̸= c(y) (in other words no edge
is monochromatic). Two colors are enough to make this notion interesting – as observed by
Lovász [1] the computational problem of recognizing 2-colorable hypergraphs is NP-complete.

An interesting perspective on hypergraph 2-coloring comes from considering it as a constraint
satisfaction problem. Apparent similarity to SAT allows for a translation of a number of
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results to the framework of hypergraph coloring. Significant difference reveals itself when one
tries to construct a small no-instance. In [2] Erdős and Hajnal asked about the minimum
number of edges in a k-graph which is not 2-colorable. Shortly after that Erdős came up
with asymptotic lower and upper bounds. In [3], he showed that for large enough k, any
k-uniform hypergraph with at most (1 − ε)2k ln 2 edges is 2-colorable. A year later, in [4]
he showed with a probabilistic argument that there exist a non-2-colorable hypergraph with
k2 · 2k+1 edges. This is one of the textbook examples of the situation when randomization
yields a construction which is significantly smaller than any known deterministic examples.
Constraint satisfaction perspective also inspired parallel line of research where 2-colorability is
studied for random hypergraphs with fixed size of edges but the number of vertices tending to
infinity. Erdős’ upper bound literally translate to this framework yielding Theorem 1.1 below.
See Alon and Spencer [5] for the adapted proof. By a direct analogy to the well-known random
graph model G(n, p), we denote by Hk(n, p) the probabilistic space of random k-graphs on the
set V of n vertices, given by including each k-subset of V to the set of edges independently
with probability p.

Theorem 1.1 (uniform upper bound [5]).
For p(n) ≥ ln 2

2 · 2k · n, random hypergraph Hk(n, p(n)) is a.a.s. not 2-colorable.

The evolution of lower bounds has been more convoluted. In [5] Alon and Spencer presented an
algorithm that almost surely produces a proper 2-coloring for Hk(n, p) whenever the expected
number of edges in that hypergraph does not exceed c·(2k/k2)·n. The next significant progress
came in 2001 with Achlioptas, Kim, Krivelevich, Tetali [6] publishing an algorithm that almost
surely 2-colors random k-graphs Hk(n, p) with at most c · (2k/k) · n edges on average. Finally
lower bound for 2-colorability has been improved in 2002 by Achlioptas and Moore [7] to
almost asymptotically match the upper one. This argument however is not constructive.

Theorem 1.2 (uniform 2-colorability lower bound [7]).
Let ε > 0 and k ≥ k0(ε). Then for p(n) such that the expected number of edges in a random
hypergraph is

(
ln 2
2 ·

(
2k − 1

)
− 1+ε

2

)
· n, random hypergraph Hk(n, p(n)) is a.a.s. 2-colorable.

Both, the algorithm from [6] and the nonconstructive lower bound from [7] are going to be
our reference points for the developments on non-uniform hypergraphs.

It’s worth noting that [6] provides the best currently known algorithmic lower bound for
2-colorability. Moreover, there are reasons to believe that no significant improvement is possi-
ble. In 2008 Achlioptas and Coja-Oghlan [8] published a paper in which they analyze how the
space (which is essentially a subset of the Hamming hypercube) of proper 2-colorings changes
as probability of an edge increases. They have showed that for random k-uniform hypergraphs
with the expected number of edges between (1+εk)

2k−1

k ln k·n and (1−εk)2
k−1 ln 2·n the space

of the solutions is shattered. This means that the space of proper 2-colorings becomes discon-
nected into many small components that are very far apart of each other wrt the Hamming
distance. In this and a number of related problems the occurrence of this phenomenon coin-
cides with the point where the best known algorithms break. Moreover this kind of behaviour
has been formally proven to be a barrier for certain classes of algorithms [9].

1.1 Non-uniform hypergraphs

A hypergraph is called a k+-graph if all its edges are of size at least k. Extending the described
results to the case of k+-graphs is often a challenging endeavor. The basic question of Erdős
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and Hajnal (about the minimum number of edges in a non-2-colorable k-graph) has been re-
formulated for non-uniform hypergraphs by Erdős and Lovász in [10] as follows: what is the
minimum number f(k) for which any k+-graph with the expected number of monochromatic
edges1 not exceeding f(k) is 2-colorable. Erdős and Lovász conjectured that such defined
function is unbounded. It has been confirmed by Beck in 1978 [11], who provided a lower
bound of the order log∗(k). The best currently known lower bound for f(k) from [12] is of the
order log(k). Note that the corresponding bound for k-graphs from [13] is roughly

√
k/ log(k).

While it seems harder to color non-uniform hypergraphs, no one so far managed to exploit
non-uniformity in the construction of non-2-colorable hypergraphs. In fact, the best upper
bound for f(k) is still Θ(k2) which results from the Erdős’ upper bound for the uniform case.

Note that f(k) can be equivalently defined as the sum of weights of edges, where an edge of
size k gets weight 2−k+1. That gives us a clue about how to translate the statements of the
theorems to the non-uniform world.

2 Main results

We are going to work with the following model of a random non-uniform hypergraphs. For a
function M : N → [0, 1] let random hypergraph H(n;M) have set of vertices V = {1, . . . , n}
and let the (random) set of edges be constructed by including every subset of S ⊂ V inde-
pendently with probability M(|S|). The support of M, denoted by supp(M), is the set of
numbers k for which M(k) ̸= 0. By an analogy to k being fixed in the case of uniform hyper-
graphs, and in order to avoid discussing certain technical issues, we consider only functions M
with finite support. This is implicitly assummed in the statements of the theorems. We are
mainly interested in asymptotic results, when the sizes of edges are bounded and the number
of vertices tends to infinity. Then, the assymptotic statements about random hypergraphs
have to involve working with the sequence of random hypergraphs. For the problems of our
interest, the edge probabilities in such sequences are tending to 0 with n. By the common
convention of the area we do not explicitely represent the dependence of the probabilities in
M on n. The main theorems are formulated in a way that implicitely defines the probabilities
for every n by specifying the expected number of edges of given size.

2.1 Algorithmic 2-coloring of non-uniform hypergraphs

We start by presenting the algorithm of Achlioptas, Kim, Krivelevich, Tetali from [6] (see
listing below). For convenience we assume that the number of vertices n is even. Given some
partial coloring2 an edge of size k is called an l-tail if (k− l) of its vertices are colored and all
of them are assigned the same color.
The main result of [6] can be now restated as follows: for p such that p ·

(
n
k

)
≤ λ · 2kk ·n, AKKT

algorithm a.a.s. properly colors Hk(n, p)
3.

Observe that this algorithm essentially does not care about any edge till it becomes a 3-tail.
Moreover, when an edge becomes a 3-tail, it does not matter how many of its vertices are al-
ready colored (i.e. what is the size of that edge). Hence, it is natural to consider its behaviour

1in a uniformly random 2-coloring of the vertices
2throughout this paper the colorings will be done with RED and BLUE.
3For k ≥ 10, λ ≤ 1

50
is enough. For k ≥ 40, it can be improved to λ ≤ 1

10
.
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Algorithm 1 AKKT algorithm
1: do n/2 times
2: if there exists some 3-tail or 2-tail e then
3: pick any two uncolored vertices x, y ∈ e and color x to RED and y to BLUE.
4: else
5: pick any two uncolored vertices x, y and color x to RED and y to BLUE.
6: end if
7: end do

for non-uniform hypergraphs.

An important property of this procedure is that every considered partial coloring is eq-
uitable (i.e. the number of RED vertices equals the number of BLUE ones). Moreover, the
coloring decisions depend only on the currently observed 3-tails and 2-tails. In particular the
potential edges with a larger number of not yet colored vertices are irrelevant at that point
and do not even have to be inspected for being an actual edges of the underlying hypergraph.
As a result, for every i ∈ {0, . . . , n/2−1}, the distribution of new 3-tails produced by coloring
selected vertices in the i-th step does not depend on the previously chosen vertices. Then it is
easy to conclude that the new 3-tails are in fact distributed as the edges of a random 3-graph
on the remaining vertices with specific probability of including an edge at the i-th step p(i).
(In case of k-graphs the value of p(i) depends only on the number of remaining vertices and
the original p.) We can therefore abstract from the underlying (random) instance and focus on
the probability that the algorithm is successful as a function of the sequence of probabilities
(p(i))i=0,...,n/2−1. Most of the arguments from the original analysis of this procedure in [6] are
valid in such extended framework.

In the uniform case, the algorithm succeeds on graphs with λ · (2k/k) · n edges on average.
That suggests assigning weights (2k/k) to edges of size k. Let λk1 , λk2 , . . . , λkl be a sequence
of positive real numbers and H(n;M) be the random hypergraph model with supp(M) =
{k1, . . . , kl}, such that the expected number of hyperedges of arity ki is λki · (2ki/ki) · n. The
results of [6] imply that if λki ≥ 1 for some i, then the edges of arity ki are enough to make
the algorithm fail. Natural generalization of the result for k-graphs, would be to show that
whenever the average weighted sum of edges is bounded by λ · n, the procedure is likely to
succeed (for the same value of λ as used in [6]). Indeed, once the (random) instance has been
abstracted to the sequence of probabilities (p(i))i=0,...,n/2−1, the tools of [6] can be used in a
straightforward manner to deduce such result – if∑

k∈supp(M)

λk < λ, (1)

then the procedure a.a.s. succeeds. Interestingly, this natural condition in some cases is a
serious overkill. E.g. when we consider only two sizes of edges and they differ significantly (e.g.
edge sizes k and k′ satisfy k′ = k4), there are no steps for which both λk and λk′ contribute
significantly to p(i). In such a case the success condition would be closer to the maximum of
λk and λk′ being bounded by λ. Taking into account this kind of behaviour we have shown
the following general condition for the random hypergraph to be a.a.s. 2-colorable by AKKT
procedure.
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Theorem 2.1 (AKKT nonuniform sufficient condition).
If in every phase of AKKT algorithm run on the random hypergraph, the expected number of
new 3-tails is bounded by 1−ε for ε > 0, then a.a.s. the algorithm succeeds in finding a proper
2-coloring.

This condition, although not directly related to the specific parametrization (i.e., the
expected number of hyperedges of each size), can be used to derive the key properties used in
[6] to show that AKKT succeeds. That enable easy adaptation to the non-uniform setting. We
present below a more technical version of this condition, by expressing the expected number
of new 3-tails using the parametrization of our random hypergraph model. Fourth derivative
and exponent 3 in the formula are the consequence of focusing on 3-tails.

Theorem 2.2 (AKKT nonuniform aggregating condition).
Let H(n;M) be a random hypergraph and let (λk)k∈supp(M) be such that the expected number
of edges of each size k in H(n;M) equals λk · 2k

k · n. Let

f(x) :=
∑

k∈supp(M)

λk

k
· xk

Then, for any ε > 0 and min(supp(M)) large enough, the following condition is sufficient for
the AKKT procedure to produce a proper 2-coloring almost surely

max
x∈[0,1]

(
16

3
(1− x)3f (4)(x)

)
< 1− ε,

where f (4) is the fourth derivative of f .

It is not immediately clear how to compare the technical condition above with the natural
generalization (1). In order to illustrate the difference we constructed a family of the sequences
of edge sizes and corresponding lambdas s.t. their sum can be arbitrarily large.

Theorem 2.3 (Unbounded sum of lambdas).
For every c > 0, there exists a random hypergraph H(n;M) with corresponding sequence
(λk)k∈supp(M) such that the expected number of edges of each size k in H(n;M) equals λk · 2

k

k ·n,
for which ∑

k∈supp(M)

λk ≥ c

and AKKT procedure succeeds a.a.s.

As we can see, 2-colorable non-uniform random hypergraphs can have much more4 edges on
the average than the uniform ones as long as their sizes are sufficiently spread.

2.2 2-coloring threshold for non-uniform hypergraphs

It is already known, that the 2-colorability threshold for k-graphs is around the values of
p∗(n) for which the expected number of edges is λ∗

k · 2k · n, for some λ∗
k that is close to ln 2/2

4in the sense of the sum of lambdas
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but whose precise value has not been determined yet5. For λk ≥ ln 2/2 the corresponding
random hypergraph is a.a.s. not-2-colorable, and by the results of [7] and later improvements
[14, 15], for slightly smaller λk it is eventually very likely to be 2-colorable. That justifies
parametrization of the average number of edges as λk ·2k ·n and focusing on how the values of
λk affect 2-colorability. In a nonuniform case, for a sequence λk1 , λk2 , . . . , λkl of positive real
numbers, we are going to work with corresponding random hypergraph H(n;M) in which the
expected number of edges of size ki is λki · 2ki · n. Within this setting, the proof of the upper
bound for k-graphs generalizes in a straightforward way.

Theorem 2.4 (non-uniform upper bound).
Let H(n;M)be a random hypergraph model with corresponding sequence (λk)k∈supp(M) for

which, for every k ∈ supp(M), the expected number of edges of size k equals λk · 2k · n.
Suppose that

∑
k∈supp(M) λk > ln 2

2 , then

lim
n→∞

P(H(n;M) is 2-colorable) = 0.

We immediately observe that, unlike in the case of the algorithmic lower bound, the sizes of
edges are irrelevant provided they are compensated by probability. In other words it is re-
ally the sum of λk (not the maximum) that makes the (random) hypergraph not 2-colorable.
The non-uniform structure which we have exploited with AKKT appears to be completely in-
significant around the threshold. As explained below, it is not only a feature of this particular
argument, since we observe an analogous behavior in the analysis of nonconstructive lower
bounds.

The first lower bound for the uniform case of the order 2k ·n was obtained in [7] by the second
moment method. Later is has been observed (see e.g. [14]) that this proof can be significantly
simplified by focusing on equitable colorings. Note that once again, the equitable colorings
announce their prominent role. Second moment argument is used to prove that, for certain
range of the values of p, the probability that corresponding random k-graph is 2-colorable is
bounded away from 0. Then, by the general properties of the thresholds of monotonic prop-
erties developed by Friedgut [16], it can be concluded that for every slightly smaller value
of p corresponding random hypergraph is a.a.s. 2-colorable. The proof that 2-colorability of
hypergraphs exhibits a sharp (non-uniform) threshold can be found in [17].

With a bit of technical effort we managed to show that non-uniform hypergraphs are 2-
colorable with positive probability just before the non-2-colorability bound of Theorem 2.4.
Our proof is also based on the second moment method, and just like [14] focuses on equitable
2-colorings. The obtained bound for the sum of λk is weaker than the known corresponding
bounds for the uniform case. However, the ideas that allowed for the improvements of the
uniform case are likely to be adapted to the non-uniform framework. The technical cost of
doing so seems to be considerable.

Theorem 2.5 (non-uniform 2-colorability threshold).
Let ε > 0 and H(n;M) be a random hypergraph model with large enough min(supp(M)) and
corresponding sequence λk for k ∈ supp(M) such that the expected number of edges of size k
equals λk · 2k · n.

5To be precise it is also possible that the threshold is nonuniform, i.e. λ∗
k = λ∗

k(n) and it does not converge
with n → ∞.
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Suppose that
∑

k∈supp(M)
λk

1−21−k < ln 2
2 (1− ε), then

lim inf
n→∞

P(H(n;M) is 2-colorable) > 0.

The thing stopping us from finishing the proof and showing that such hypergraphs are 2-
colorable almost surely is the lack of tools for handling sharp thresholds in the non-uniform
case. We explored more recent generalizations of these methods from [18] by Hatami and
Molloy, and tried to embed our non-uniform model in their (much more general than the
original) random CSP model. We did not succeed and eventually convinced ourselves that
stronger tools are necessary. We are currently working on the multi-dimensional analogue of
the Friedgut’s results from [16].

3 Conclusion

A number of results concerning the limits of 2-colorability of large (and sparse) random k-
graphs can be carried out to non-uniform framework. While the methods for non-constructive
upper and lower bounds turns out to be rather oblivious to the distribution of edge sizes,
specific configurations can be exploited in the proofs of the algorithmic (but weaker) lower
bounds. It is particularly interesting to study the behavior of such coloring procedures from
the point of view of algorithmic barriers (as defined in [8]).

It is expected that 2-colorability for non-uniform models exhibit (possibly non-uniform) sharp-
threshold behavior. That would allow for strengthening our non-constructive lower bound
from Theorem 2.5 and show that for slightly smaller sums of lambdas, the limit is not merely
positive but equals 1. Although nonuniformity do not seem to introduce any essentially new
phenomena when the sharp-thresholds are considered, the common tools of this area need
to be sharpened by a multi-dimensional analysis before they can be applied to nonuniform
hypergraphs.
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