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Introduction
Erd6s—Rényi graphs

A graph G = (V, E) is a pair consisting of set of vertices V' and
the set of edges E C V2.

Slides by Grzegorz Ryn Thresholds in Erd8s—Rényi graphs



Introduction
Erd6s—Rényi graphs

A graph G = (V, E) is a pair consisting of set of vertices V' and
the set of edges E C V2.

In this talk, we will be primarily interested with random graphs.
The most common model of random graphs is G(n, p) which has
been introduced by Erdés and Rényi in 1960.
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Erd6s—Rényi graphs

A graph G = (V, E) is a pair consisting of set of vertices V' and
the set of edges E C V2.

In this talk, we will be primarily interested with random graphs.
The most common model of random graphs is G(n, p) which has
been introduced by Erdés and Rényi in 1960.

G(n, p) model

G(n, p) or Erdés—Rényi model is a distribution of random graphs on
n vertices s.t each edge appears independently with probability p.
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Introduction
Properties of random graphs

Since it was introduced in 1959, a numerous papers have studied
certain properties at diffrent values of p. Today, we will be
especially interested with monotone, symmetric properties.
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Properties of random graphs

Since it was introduced in 1959, a numerous papers have studied
certain properties at diffrent values of p. Today, we will be
especially interested with monotone, symmetric properties.

What is a property?

A subset of all possible (n-vertex) graphs.

Monotonicity
A property A is monotone if forevery G e A, GC H — H e A.
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Introduction
Properties of random graphs

Since it was introduced in 1959, a numerous papers have studied
certain properties at diffrent values of p. Today, we will be
especially interested with monotone, symmetric properties.

What is a property?

A subset of all possible (n-vertex) graphs.

Monotonicity
A property A is monotone if forevery G e A, GC H — H e A.

A property is symmetric if its constant on isomorhpisc graphs.
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Introduction
What are we interested in?

In random experiments, it occures that certain properties e.g.
random 3 — SAT satisfiability, k-colorability of random graphs are
almost surely satisfied under certain values of p, and then rapidly
become almost surely unsatisfied.
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Introduction

What are we interested in?

In random experiments, it occures that certain properties e.g.
random 3 — SAT satisfiability, k-colorability of random graphs are
almost surely satisfied under certain values of p, and then rapidly
become almost surely unsatisfied.

.

Uncertain interval

Given some property A, e.g. connectivity or appearance of a
triangle it is natural to ask how does 1,(.A) changes with p. We
can clearly see that at boundary values of p it's 0 and 1 in both of
these cases. It might be interesting to ask where does this value
changes and how rapidly.
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Introduction
Every monotone property has a threshold

Critical interval

Let's fix e > 0. Then Let py, p1 be s.t. 1p,(A) =€ and
pp(A)=1—c.
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Introduction

Every monotone property has a threshold

Critical interval

Let's fix e > 0. Then Let py, p1 be s.t. 1p,(A) =€ and
pp(A)=1—c.

Friedgut, 1996

In a paper "Every monotone property has a sharp threshold",
Friedgut showed the following. If jip(A) > ¢, then pg(A) >1—¢

In(z)

forq=p+c- Hence the length of critical interval is at most

In (%)
Inn

p1L—po<cC-

where ¢ is an absolute constant.
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Introduction

Sharp threshold

Sharp threshold

Let A, be a property of n-vertex graphs and p* = p*(n) be such

probability, that zp«(A) = 1/2. We say that A has a sharp
threshold iff for any € > 0:

: 1, ifp>(1l+¢)p*
I a) = 1
nLrgoMp(A) {07 if p<(l—¢)p* M

Slides by Grzegorz Ryn Thresholds in Erd8s—Rényi graphs



Introduction

Sharp threshold

Sharp threshold

Let A, be a property of n-vertex graphs and p* = p*(n) be such
probability, that zp«(A) = 1/2. We say that A has a sharp
threshold iff for any € > 0:

lim g, (Ag) =

n—oo

1, ifp>(1+e)p
0, ifp<(l—¢)p*

Coarse threshold

Let's additinally observe, that if A has a coarse threshold, then
there exist p* = p*(n) in the critical interval s.t. p* “" <c.
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Introduction

Hypergraphs

At this point, it'd be nice to answer question 'Why do we need to
know if threshold is sharp?’
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At this point, it'd be nice to answer question 'Why do we need to
know if threshold is sharp?’

Hypergraph

A Hypergraph H = (V, E) is a pair of the set of the vertices V and
edges E C P(V).
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Hypergraphs

At this point, it'd be nice to answer question 'Why do we need to
know if threshold is sharp?’

Hypergraph

A Hypergraph H = (V, E) is a pair of the set of the vertices V and
edges E C P(V). Hypergraph is k-uniform if every edge e € E has
size k.
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Hypergraphs

At this point, it'd be nice to answer question 'Why do we need to
know if threshold is sharp?’

Hypergraph

A Hypergraph H = (V, E) is a pair of the set of the vertices V and
edges E C P(V). Hypergraph is k-uniform if every edge e € E has
size k.

As hypergraph are a generalization of graph, their coloring can be
generalized analogously:

Hypergraph coloring

A coloring of H = (V, E) is a function ¢ : V — N. A coloring is
proper if for any e € E, there are some v, u € E s.t. c(v) # c(u).
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Hypergraphs

At this point, it'd be nice to answer question 'Why do we need to
know if threshold is sharp?’

Hypergraph

A Hypergraph H = (V, E) is a pair of the set of the vertices V and
edges E C P(V). Hypergraph is k-uniform if every edge e € E has
size k.

As hypergraph are a generalization of graph, their coloring can be
generalized analogously:

Hypergraph coloring

A coloring of H = (V, E) is a function ¢ : V — N. A coloring is
proper if for any e € E, there are some v, u € E s.t. c(v) # c(u).

We can consider an analogous model to G(n, p), let's call it
H(n, p) s.t. each (hyper)edge appears independently with
probability p = p(n).



Hypergraph 2-coloring

Contrary to regular graphs, for k > 3, 2-coloring is an interesting
problem. It was shown in 1973 by L. Lovasz that determining if a
given hypergraph is 2-colorable is NP — complete.
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Hypergraph 2-coloring

Contrary to regular graphs, for k > 3, 2-coloring is an interesting
problem. It was shown in 1973 by L. Lovasz that determining if a
given hypergraph is 2-colorable is NP — complete.

CSP-like approach

An important subdomain in hypergraph research is 'What is the
maximum density of hypergraph s.t. it's 2-colorable with high
probability?’. With k fixed and n approaching inifnity, we ask for the
maximal p = p(n) s.t. Hk(n, p) is 2-colorable with high probability.
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Hypergraph 2-coloring

Contrary to regular graphs, for k > 3, 2-coloring is an interesting
problem. It was shown in 1973 by L. Lovasz that determining if a
given hypergraph is 2-colorable is NP — complete.

CSP-like approach

An important subdomain in hypergraph research is 'What is the
maximum density of hypergraph s.t. it's 2-colorable with high
probability?’. With k fixed and n approaching inifnity, we ask for the
maximal p = p(n) s.t. Hk(n, p) is 2-colorable with high probability.

Convenient notation

Let's observe that the expected number of edges in Hi(n, p) is

(Z) - p. While working with this model, it's often more convenient
to parametrize the model by the expected number of edges instead
of providing p explicitly.
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Introduction
Hypergraph 2-coloring - known results

Upper bound

In the early 1960" Erd&s showed (quite trivial) upper bound using
probabilistic method. He showed, that random hypergraphs with
the expected number of edges not smaller than In722"n are not
2-colorable with high probability (approaching 0 as n approaches
infinity).
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Upper bound

In the early 1960" Erd&s showed (quite trivial) upper bound using
probabilistic method. He showed, that random hypergraphs with
the expected number of edges not smaller than In722"n are not
2-colorable with high probability (approaching 0 as n approaches
infinity).

Lower bound has been (and technically still is) much more
convoluted, with many improvements over the years.
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Introduction
Hypergraph 2-coloring - known results

Upper bound

In the early 1960" Erd&s showed (quite trivial) upper bound using
probabilistic method. He showed, that random hypergraphs with
the expected number of edges not smaller than '“722’% are not
2-colorable with high probability (approaching 0 as n approaches
infinity).

Lower bound has been (and technically still is) much more
convoluted, with many improvements over the years.

Current "best" lower bound

In 2001, Achlioptas and Moore showed (by a quite technical

argument) that hypergraphs with average number of edges not

exceeding 32 (2% — 1) n is 2-colorable with positive probability.
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Introduction
Hypergraph 2-coloring - known results

Upper bound

In the early 1960" Erd&s showed (quite trivial) upper bound using
probabilistic method. He showed, that random hypergraphs with
the expected number of edges not smaller than '“722’% are not
2-colorable with high probability (approaching 0 as n approaches
infinity).

Lower bound has been (and technically still is) much more
convoluted, with many improvements over the years.

Current "best" lower bound

In 2001, Achlioptas and Moore showed (by a quite technical
argument) that hypergraphs with average number of edges not
exceeding 32 (2% — 1) n is 2-colorable with positive probability.
But due to the work of Friedgut and Achlioptas, 2-colorability of
k-graphs has sharp threshold, hence Hypergraphs with at most

1 —¢)n2 (2k _ 1) n are 2-colorable almost surely.
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Introduction

How to approach sharp thresholds?

Our examples

We can classify our two examples. It is well known (and we will
show it later), that graph connectivity has a sharp threshold.
Moreover it's easy to check that property of containing a triangle
has a coarse threshold. It's easy to check, that for any ¢ > 0 the

probability of appearance of triagnle in G(n, c/n) is roughly
1—e /6,

Sometimes knowing that some property has sharp threshold is
extremely useful and powerful, however it's not easy to explicitly
work with sharp thresholds. Coarse thresholds are much easier to
handle.
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Introduction

How to approach sharp thresholds?

Our examples

We can classify our two examples. It is well known (and we will
show it later), that graph connectivity has a sharp threshold.
Moreover it's easy to check that property of containing a triangle
has a coarse threshold. It's easy to check, that for any ¢ > 0 the

probability of appearance of triagnle in G(n, c/n) is roughly
1—e /6,

Sometimes knowing that some property has sharp threshold is
extremely useful and powerful, however it's not easy to explicitly
work with sharp thresholds. Coarse thresholds are much easier to
handle.

Intuition behind coarse thresholds

“All monotone graph properties with a coarse threshold may be
approximated by a local property.”
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Introduction
Friedgut's theorem

Few definitions

Graph is balanced if its average degree is no smaller than any of its
subgraph.
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Introduction
Friedgut's theorem

Few definitions
Graph is balanced if its average degree is no smaller than any of its

subgraph.

_ dppx
Let | = dp”.
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Introduction
Friedgut's theorem

Graph is balanced if its average degree is no smaller than any of its
subgraph.

_ dppx
Let | = dp”.

Friedgut's main theorem

There exists a function k(g, ¢), such that for all ¢ > 0, any n and
any monotone symmetric family of graphs A on n vertices, such
that p- I < ¢, for every £ > 0 there exists a monotone symmetric
family B such that ||B|| < k(e, ¢) and pp(AAB) < e. Furthermore
the minimal graphs in B are all balanced.

v
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Introduction
Friedgut's theorem

Graph is balanced if its average degree is no smaller than any of its
subgraph.

_ dppx
Let | = dp".

Friedgut's main theorem

There exists a function k(e, ¢), such that for all ¢ > 0, any n and
any monotone symmetric family of graphs A on n vertices, such
that p- I < ¢, for every £ > 0 there exists a monotone symmetric
family B such that ||B|| < k(e, ¢) and pp(AAB) < e. Furthermore
the minimal graphs in B are all balanced. )
[intwition |
What this basically means is that almost every graph having
property A has some B; as a subgraph.

) = = =
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Introduction

Applicable Friedgut's theorem

Applicable Friedgut's main theorem

Let 0 < av < 1. There exist functions B(e, ¢), b1(e, ¢), ba(e, ¢) such
that for all ¢ > 0, any n and any monotone symmetric family of

graphs A on n vertices such that p-/ < c and o < pp(A) < 1—a,
for every € > 0 there exists a graph G with the following properties:

e G is balanced

e by < E(G) < by

° |G| <B

@ Let Pr(A|G) denote the probability that a random graph

belongs to A conditioned on the appearance of G, a specific
copy of G. Then Pr(A|G) > 1 —ce¢.
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Introduction

Applicable Friedgut's theorem

Applicable Friedgut's main theorem

Let 0 < av < 1. There exist functions B(e, ¢), b1(e, ¢), ba(e, ¢) such
that for all ¢ > 0, any n and any monotone symmetric family of

graphs A on n vertices such that p-/ < c and o < pp(A) < 1—a,
for every € > 0 there exists a graph G with the following properties:

@ G is balanced

e by < E(G) < by

e |G|<B

o Let Pr(A|G) denote the probability that a random graph

belongs to A conditioned on the appearance of G, a specific
copy of G. Then Pr(A|G) > 1 —ce¢.

If a property doesn't have the threshold probability of the form
p = © (n*("M), where a(n) is a rational, then it has sharp threshold.
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Introduction
How to use these tools?

If we want to show, that certain property A has sharp threshold,
then the canonical application goes as follows:
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If we want to show, that certain property A has sharp threshold,
then the canonical application goes as follows:

@ Assume A has a coarse threshold.
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Introduction
How to use these tools?

If we want to show, that certain property A has sharp threshold,
then the canonical application goes as follows:

@ Assume A has a coarse threshold.

@ There exist modest graph G.
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Introduction
How to use these tools?

If we want to show, that certain property A has sharp threshold,
then the canonical application goes as follows:

@ Assume A has a coarse threshold.

@ There exist modest graph G. It's easy to check, then G must
have positive probability of appearing in rangom graph.
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Introduction
How to use these tools?

If we want to show, that certain property A has sharp threshold,
then the canonical application goes as follows:

@ Assume A has a coarse threshold.

@ There exist modest graph G. It's easy to check, then G must
have positive probability of appearing in rangom graph.

e Show that G ¢ A.
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Introduction
How to use these tools?

If we want to show, that certain property A has sharp threshold,
then the canonical application goes as follows:

@ Assume A has a coarse threshold.

@ There exist modest graph G. It's easy to check, then G must
have positive probability of appearing in rangom graph.

e Show that G ¢ A.

@ Show that adding a random G(n, ep) edges gives a larger
boost to probability of landing in A than a random copy of G.
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Introduction
Connectivity has sharp threshold

Equipped with our new tools, we can show that graph connectivity
is indeed sharp. From our previous remark, we could say that since
its threshold probability is © ('”T”) it has a sharp threshold, however
this wouldn't be satisfying.

Slides by Grzegorz Ryn Thresholds in Erd8s—Rényi graphs



Introduction
Connectivity has sharp threshold

Equipped with our new tools, we can show that graph connectivity

is indeed sharp. From our previous remark, we could say that since

its threshold probability is © ('”T”) it has a sharp threshold, however
this wouldn't be satisfying.

Let M be a graph on t vertices guaranteed by Applicable theorem.

Clearly M ¢ A since graphs in A have n vertices and M has only t.
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Introduction
Connectivity has sharp threshold

Equipped with our new tools, we can show that graph connectivity
is indeed sharp. From our previous remark, we could say that since
its threshold probability is © ('”T”) it has a sharp threshold, however
this wouldn't be satisfying.

Let M be a graph on t vertices guaranteed by Applicable theorem.
Clearly M ¢ A since graphs in A have n vertices and M has only t.
Hence if adding a copy of M boosts probability of a graph from
G(n, p) to have property A, then w.h.p it can have at most t
connected components. Moreover this components must be large
(of linear order), otherwise it's unlikely that a randomly placed copy
of M covers every component.
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Introduction
Connectivity has sharp threshold

Equipped with our new tools, we can show that graph connectivity
is indeed sharp. From our previous remark, we could say that since
its threshold probability is © ('”T”) it has a sharp threshold, however
this wouldn't be satisfying.

Let M be a graph on t vertices guaranteed by Applicable theorem.
Clearly M ¢ A since graphs in A have n vertices and M has only t.
Hence if adding a copy of M boosts probability of a graph from
G(n, p) to have property A, then w.h.p it can have at most t
connected components. Moreover this components must be large
(of linear order), otherwise it's unlikely that a randomly placed copy
of M covers every component.

With this, it's easy to show that adding a copy of G(n,ep) will also

induce connectivity if p(5) — oo which is true for p = © (2.2).
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